arXiv:l506.00167vl [math.AP] 30 May 2015 


INTERIOR LP - ESTIMATES FOR ELLIPTIC AND PARABOLIC 
SCHRODINGER TYPE OPERATORS AND LOCAL A p 

-WEIGHTS 

ISOLDA CARDOSO - PABLO VIOLA - BEATRIZ VIVIANI 


Abstract. Let Q be a non-empty open proper and connected subset of R n . 
Consider the elliptic Schrodinger type operator Lpu = Apu+Vu = (rr) 

u Xi Xj + Vu in C2, and the linear parabolic operator Lpu = Apu + Vu = 
ut — T,aij(x, t)u Xi Xj +Vu in Lip = Li x (0, T), where the coefficients aij E VMO 
and the potential V satisfies a reverse-Holder condition. The aim of this pa¬ 
per is to obtain a priori estimates for the operators Lp and Lp in weighted 
Sobolev spaces involving the distance to the boundary and weights in a local- 
A p class. 
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1. Introduction 

Let Q be a non-empty open proper and connected subset of R n . We are going 
to consider the following two operators: the elliptic Schrodinger type operator 

L e u = A e u + Vu = - ^2 a ij ( x ) u x iXj +Vu 
ij 

in Q, and the linear parabolic operator 

L P u = A P u + Vu = u t - Y, ,t)u XiXj + Vu 
in Up = H x (0,T), with T > 0, under the following assumptions: 

(1) a,ij — ciji, and 

<c s ^ 2 

ij 

for a.e. x E or x = (x',£) E Ht, respectively; 

(2) aij G L°° fl VMO(W l ). Here we have the space of functions of vanishing 
mean oscillation defined as 

VMO{R n ) = {g G BMO{R n ) : r?(r) -A 0 ,r -» 0+}, 

where 

V(r) = sup sup I 1 / | g(y) - 9b p |dy ). 

P<r xGR n \ \Bp(x)\ JB p (x) J 

Here gp p = \B(p(x))\~ 1 f g ^ g(y)dy. The parabolic bMO(R n+1 ) is de¬ 
fined in the same way, except this time we take the supremum over the 
parabolic balls (see section E.l. ID : 


l 
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(3) The potential V > 0 satisfies a reverse Holder condition of order q, shortly 
V £ RH q , which means that 



where the ball B is in R". 

Sometimes we will use A for either the operators Ae or Ap , and A for either the 
subset or Lip- 

When the coefficients ciy are at least uniformly continuous, existence and unique¬ 
ness results together with a-priori W 2,p estimates are well known (see e.g. m)- The 
theory for operators with discontinuous coefficients, in the sense of VMO, goes back 
to the 90’s with the works of Chiarenza-Frasca-Longo in [3] and [5] for elliptic oper¬ 
ators and Bramanti-Cerutti in (3] for the parabolic case. Since then, many authors 
have considered this problem in different situations and contexts. The Schrodinger 
operator when A is the Laplacian and the potential V satisfies the reverse-Holder 
condition (3), was studied by Shen in |I5j and related results when V{x) = |x| 
(Hermite operator) have been proved by Thangavelu in [16] . For the elliptic type 
Schrodinger operator under consideration, a global VF 2,P (R") estimate and the ex¬ 
istence and uniqueness results deduced from them were obtained in [2]. We are 
interested in obtaining a priori interior estimates in weighted Sobolev spaces for 
the operator L , where L is either the elliptic Schrodinger type operator Lp or the 
parabolic operator Lp, defined in a non necessarily bounded domain. We follow 
the strategy adopted in [2]. First we get a weighted version of the a priori esti¬ 
mates obtained in [4] and in [3] for the principal operator Ap and Ap respectively. 
Thanks to these estimates we are reduced to prove a weighted L p bound on Vu in 
terms on Lu. Then, we give a representation formula for Vu by means of the fun¬ 
damental solution of a constant coefficient operator of the type A 0 + V, for which 
a global estimate was proved by Dziubanski in [B] for Lp and by Kurata in mi for 
Lp. These representation formulas involve suitable integral operators with positive 
kernel, applied to Lu, and their positive conmutators, applied to the second order 
derivatives of u. 

In order to prove that these operators are bounded on weighted L p , we use local 
maximal functions, M\ oc f (see section ED, defined in a proper open set imbedded 
in a metric space. This maximal operator and the classes of weight involved A Pi i oc 
(see below), were first studied by Nowak and Stempak in [12] when H = (0,oo) 
and by Lin and Stempak in )9] for fl = R" \ {0}. In a general setting, that is in 
metric spaces, this maximal operator and the corresponding classes of weights were 
considered by Harboure, Salinas and Viviani in [5] and by Lin, Stempak and Wan 
in [TO] . 

We consider the local weights class A Pi i oc defined as follows: let (X,d) be a 
metric space and let A be a nonempty open proper subset of X, if 0 < /3 < 1 we 
define the family of balls 


Fp = {B = B(xb,tb) : xb £ r,rs < fid(xB, A c )}, 

where d(xB , A c ) denotes the distance from the center xb of the ball B to the 
complementary set of A. Given a Borel measure p, defined on A, for 1 < p < oo, 
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we define 

(1.2) w e ^4p iloc (A) iff jmp {J B wdfJ ) /P ( J B W ~ P/P ' d ^) h <00 ' 

We remark that the classes Ap loc (A) are independent of (3, as was shown in 0. In 
view of this fact, we shall refer to theses weights as A Pi i oc (A). We also consider the 
following weighted Sobolev spaces, defined in l n and R" +1 , respectively: 


W®n) = {u G Ll oc (Q) : ||«||^., (n) = £ ||(5 |7| D 7 u|| l p ( q) < oo}, 

l7l<2 

and 

w!;zm = {ueAU^r): IMIwf»(n r )=E ll<5 l7 '^>llL?,(n T ) + ll-5 2 A W ||L Sj( o T )<oo}, 

hl<2 

where S(x) = min{l, d(x, A 17 )}, with either A = Ll or LIt, and d denotes the 
corresponding distance. 

We will prove the following results: 

Theorem 1.1. Let LI be a nonempty, proper, open and connected subset of R". 
Let p £ (l,?] and w £ A p j oc (Ll). If u £ W 2 '^(LV) is a solution of 

Lu = Au + Vu = — aijU XiXj +Vu = f in LI, 
under the assumptions (1), (2) and (3), then 

IMIw^n) + < C[ll^ 2 /llLS,(n) + IMU&(n)]> 

where 6(x) = min{l, d(x, fl 6 ')}, x £ R". 

The parabolic version of this theorem goes as follows: 


Theorem 1.2. Let LI be a nonempty, proper, open and connected subset o/R". For 
T > 0 define LIt = LI x (0, T). Let p £ (1, q] and w £ A p ,i oc (Ll T ). Ifu £ W 2 s *{Ll T ) 
is a solution of 


Lu = Au + Vu = iit 


^ ~^aijU XiXj +Vu = f 


in LIt, 


under the assumptions (1), (2) and (3), then 


Ml 


where S(x',t) 


wff(n T ) + W 52 Vu \\lUv.t) - C[ll^ 2 /llLS,(n T ) + IMIl^Dt)]> 

= min{l, d{{x',t), fly)} . 


We note that, as it is easy to check, w(x) = S a (x) belongs to A p j oc for any 
exponent a £ R. Therefore the data function / appearing on the right hand side of 
Theorem o and Theorem P could increase polynomially when approaching the 
boundary of LI or LIt and still we might have some control for the derivatives of 
the solution up to the order 2. 

The paper is organized as follows: in Section [2] we put together the preliminary 
definitions and results, and prove some useful lemmas; in Section [3] we prove some 
results that will build the proof of the Main Theorem for the operator Le, and in 
Section 0] we show similar results for the operator Lp. Finally, in Section [5] we end 
up proving the main results stated above: Theorems 1 1.11 and II.21 
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2. Preliminaries 

2.1. Definition and notations. 


2.1.1. The parabolic setting. The parabolic setting we are considering consists of 
R" +1 endowed with the following parabolic metric 

d{x,y) = (\x' - y'\ 2 + \t - s|)U 

where we write x = ( x',t),y = ( y',s) £ R n+1 , with x',y' £ R" and t, s £ R + . We 
denote the parabolic balls as usual: 

B(x,r) = {y £ R” +1 : d(x,y) < r}. 

and its Lebesgue measure by \B(x,r)\ = c n r n+2 . 


2.1.2. The local maximal operator. In this subsection we will denote by X a metric 
space satisfying the weak homogeneity property, that is, there exists a fix number 
N such that for any ball B(x, r) there are no more than N points in the ball whose 
distance from each other is greater than r/ 2 . Also A will mean any open proper 
and non empty subset of A' such that all balls contained in A are connected sets 
and p will be a Borel measure defined on A which satisfies a doubling condition on 
Ff 3 , that is, there is some constant Cp such that for any ball B £ Fp 

ti(B) < Cpp{\B) 


with 0 < p(B) < oo for any ball B £ F = Uo<a<i 

We shall use the following local maximal operator associated to Fp: given 0 < 
/3 < 1 and p as above 


( 2 . 1 ) 


M n,pf(x) = sup —— / |/| dp 
xGBGFa P{£>) Jb 


for any / £ L\ oc {h. 1 dp ) and x £ A. When p is the Lebesgue measure we denote 
M^pf by Mpp oc f. 

The boundness property for M^^pf is contained in the next Theorem: 


Theorem 2.1 (0, Theorem 1.1). Let X and A as above. Let 0 < /3 < 1 and p 
a Borel measure satisfying the doubling property on Fp. Then, for 1 < p < oo, 
Afji,/?/ is bounded on LP ] (A,wdp) if and only if w £ A^ loc (A). 

2.1.3. The properties of the potential V. The potential V satisfies assumption (3) 
and, as it is remarked in [2], the condition V £ RH q implies that for some e > 0 we 
have also that V £ RH q+e , where the RH q+e constant of V is controlled in terms of 
the RH q constant of V. They also remark the useful fact that the measure V(y)dy 
is doubling. 
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Associated to the function V £ RH q there is a function p(x), called critical 
radious, defined by Shen in [T51 : 

(2.2) p(x) = sup (r > 0 : —-—- / V(y)dy<l\, 

l \B{x, r)| J B (x,r) J 

which, under our assumptions on V, is finite almost everywhere. We note that by 
definition of p, we have that 


(2.3) 


1 

p( x) n ~ 2 


lB(x,p(x)) 


V{y)dy < 1. 


Shen also proved that the following inequalities hold: 


(2.4) 


c (i i i \ x ~y\ 'n(\ i 

C l 1+ p(y) ) - 1+ p(x) - A 1+ p(y) ) ’ 


p{x) 


for some fc 0 £ N and any x, y £ 1" and 

for any 0 < r < R < oo. 


B{x,R) 


p(y) 
V(y), 


2.1.4. Bounds for the fundamental solutions of the constant coefficient operators 
Lq. Let us now consider the operator A, which denotes either Ae or Ap. For fixed 
xq £ A, where A denotes or f It, respectively, freeze the coefficients a t j(xo) and 
denote Lq the operator L with these constant coefficients. 

Dziubanski in [6] proved that the elliptic operator Lq has a fundamental solution 
r(aio; x, y) which satisfies that for any k £ N there exists a constant Cfc (independent 
of xq) such that 


( 2 . 6 ) 


r(z 0 ;x,y) < c fc -- 

(1 + 


1 


\x-y\ \ k 

p{x) ) 


1 

\x — y\ n ~ 2 


for any x, y £ R", x y. Here p is the critical radious associated to V defined in 
12.21 We remark that the kernel 


W(x,y) = V(y) 


(i + i^) fc \ x ~y \ n ~ 2: 


satisfies Hormander’s condition of order q , briefly condition Hi(q), in the first 
variable (see Proposition 12 in ED- This means that there exists a constant C > 0 
such that for any r > 0 and any x,Xq £ with | a: — cco | < r, the following 
inequality holds: 


(2.7) 


j=i 


j\B(x 0 ,2 J r)\7 


r<\xQ—y\<2i+ 1 r 


\W(x,y) -W{x 0l y)\ q dy]' 

4 / 


< c. 


Also, observe that from inequalities 12.41 we can replace p{y) with p{x) in the kernel 
W, possibly changing the integer k. 

For the parabolic operator Lq, Kurata showed in Corollary 1 of m that it has 
a fundamental solution T(;rci; y) which satisfies that for each k £ N there exists 
constants Cfc and cq (independents of xq) such that 
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r(£ 0 ;a:, y) < c k - 


{1 + ! fe l i )‘ i (-<.|” /2 

where d is the parabolic distance given in 12.1.11 Thus, 


I x f — y' 1^ 

e - c o J -F^r _ 


( 2 . 8 ) 


r(a; 0 ; x, y) < c k - - 

(! + 


1 1 

d(x,y)\k d( x v )n 

~p&T> v 


The parabolic kernel, appearing on the right hand side of 12.81 also satisfies condition 
as we prove in the next subsection. 

2.2. Previous Lemmas. 


Lemma 2.2. The kernel 

W(x, y) 


V(y') 


1 1 


( 1 + wf ) kd ^ v)n 


satisfies condition H\ ( q ) for k large enough, that is, there exists a constant C > 0 
such that for every r > 0, x, xq £ R" +1 with d(x , xp) < r, 


E ti -\-2 

j(2 J r)~^~ 

i=i 


r<.d(xo,y)<.2i+ 1 r 


\W(x,y) - W(xo,y)\ q dy S j 


< C. 


Proof. We follow the lines of Proposition 12 of [2] - As usual, we may assume q > j. 
Let x,Xo ,y € fir be such that d(x,x o) < r and d(y,xp) > 2r, so that in particular 
d(x 0 ,y) ~ d(x,y). 

The first step is to compute 


\W(x,y)-W(x 0 ,y)\ < V(y') 


( 1 

1 

1 

V(i + fs?)‘ 

d{x,y) n 

d{x 0 ,y) n 


+ 


d(x,y) r 


(1 


1 


d(x,y) \k 

p(y') ' 


1 


/-i I d(x 0 ,y) 

P (y') 


k 


A + B. 


We note that by the mean value Theorem 


Also 


1 


1 


d{x,y) n d{xp,y) r 


< C 


d(x,x 0 ) 
d(xp,y) n+1 ' 


1 


(i I d(x,y) \k 
l 1 + p{y>) ) 


1 


(l , d(xp,y) \k 
( i+ p{ y>) ) 


< c- 


d(x,x 0 ) 


p{y') (i + 
< Cd( zo,2/) _1 


d(x p,y) 

p(y') 


fc+1 


d(x,x 0 ) 


(1 


d(x 0 ,y ) ' 

ply') 1 


which we obtain from applying again the mean value Theorem. 

Thus, by using the fact that d(xp,y) ~ d(x,y), we obtain that A and B are 
bounded by 


CV(y') 


1 d( x,xp) 

(1 + d i x ^y)\ k d(xo, y) n+1 ' 

V P(y') / 
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The second step is to consider the balls Bj = B(xq, 2 J r) ; the annuli Cj = 
{y : 2< d(y,x o) < 2■ J+1 r} = and the rectangles S' x Ij, where 

S' = (t/ € M" : | y' — x'q\ < 2: J V} and = (s G K : |s — io| < (2 J V) 2 }. Thus, 
Cj C B'-_ |_i x /j+i- 

In view of 12. 41 replacing p(y') with p{x') (possibly with a change of the integer 
k), we have that 



< 


< 


< 


< 




1 


r 

(1 

+ 

27 r \ fe 
p(x')/ 

(27 

r 'jn +1 



1 


r 

(1 

+ 

27> \ fc 

(27 

r 'jn +1 



1 


r 

(1 

+ 

27 r \ fe 
p(x')J 

(27 

r 'jn +1 



1 


r 

(1 

+ 

27 r \ fc 
p(tc') / 

(27 

r ')n+l 


(/ v( y rd y y 

J Cj 

(/ da f vwwy 

J Ij+1 d B' j+1 

(2 J+1 r)^( 1 [ V q {y')d y ') 

1^7 + 1 I ■'B'x, 


(2 J r) 


1+2 1 


(2 ir) r - 




V(y'W 


1 

Q 


where in the last inequality we used the reverse Holder condition on the potential 
V. 

The third step is to add up and split, as follows: 


E tl -|-2 

j(2 J r)^ 

j=o 



oo 


\n+2 


1 


1 


< n \ iioPrY 

~ U ( 1 + ^) fc (2 J r)"+M2^ 


[ V (y')dy' 

J B ’ j+ 1 


< C ^ (...)+ (7 ^ (...) - A/ + H/J. 

j:2i r<p(x') j:2i r>p(x') 


Therefore, 


A/ < <7 £ j(2- J r)" +2 

j:2i r<p(x') 

<c J2 i( 2 J V) n+2 

j:2i r<p(x') 


(27r)" +1 (2J +1 r) n J B > +1 ^ 

r f p{x') \i i r 

(2J>) n+1 V 2J> / p(^) 71 Jb(x', p(x')) 


v(y')d y ', 


because of equation 12.51 Finally, by definition of p (see 12.21) and since q > ^ we 
conclude that Hj is finite: 


a<c y: 

j:2i r<p(x') 


j_(p^ly- 2 <c y - 4 . 

2 -? V 2 Jr / _ ^ 2 -? 

j:2i r<p(x') 
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Similarly, by using the doubling property of the measure V(y')dy', equation [23] and 
definition of p, we have that 


Y 1 

j:2$ r>p(x') 


(2 j r) 


V (y')dy' 


/ B’. 


* c E 

j:23 r>p(x') 


p{x')\ k 1 ( 2 j r \ a 


/ 2 J r y 

VnlV)/ 


<c y l(em) 

^ 2J V 2^r / 


(2Jr) n Vp(a: , )y J B {x’,p(x’)) 
j ( p(x') \ k-a+n-2 


V(y'W 


j:20 r>p(x') 


which is finite for k large enough, and the proof of the Lemma follows. □ 


Lemma 2.3. Let (X,d) be a metric space with the weak homogeneity property 
(hence separable) and let A be a nonempty open proper subset of X. Let 0 < ro < 
/3/10. Then, there exist two families of balls, denoted by Q r ,Q r , such that 

Wr 0 = Gr 0 U Gr 0 = {-&»} 

is a covering of A by balls of Tp with the following properties: 

(1) If B = B(xb,sb) £ Gr 0 , then 10 B £ Tp, d(x B , A c ) < 1 and \rod{xB,A c ) 
< s B < r 0 d(x B ,A c ). 

(2) If B £ Gr 0 ; then B = B(xs,ro ) , 10 B £ jPp and d(xs, A c ) > 1. 

(3) If B , B’ £ W ro and BOB'/fl, then: B C 5 B' and B' C 5 B. 

(4) There exists M > 0 such that ^sew r Xb{x) < M. 

Proof. Let ro < /3/10 and define 

A fc = {a; £ A : 2~ k < d{x,A c ) < 2~ k+1 } 

for k > 0, and 

Ao = {x £ A : 1 < d{x, A c ))}. 

We have that A = For each k > 0 let us choose a maximal family 

of points {xik}j*f 1 in A* such that d(xik,Xij) > r 0 2~ k . For each k > 0 let us 
consider the family of balls {B(xik,ro2~ k )}. This family clearly verifies that A k C 
USi B(xik,r 0 2~ k ), and 


A = (J (J B{x ik ,r 0 2- k ). 

k—0 i= 1 

Let us consider for each k > 1 a ball B ik = B{xik,r Bik ) such that r Bik = r 0 2 _fe . 
We can easily see that {B ik } is a covering of A \ A 0 such that 105,;^ £ Tp and 

\r 0 d{x ik , A c ) < r Bik < r 0 d(x ik ,A c ). 

For k = 0 let us consider the family {B i0 } = {B(xio,ro)}fl 1 - We have that 
Bio £ Tp and lOL^o £ Bp- If B ik D Bji ^ 0,with k,l> 0, then: 

Bjl d toBik- 

Indeed, if 2 £ Bik D Bji , then 

2~ k < d(x ik , A c ) < d(xji, A c ) + d(xji,z) + d(z,x ik ) < 2~ l+1 +r 0 2~ l + r 0 2 k , 
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from where 2 k+l < < 3, and by simmetry, also 2 l+k < 3, which leads us to 

\k — l\ < 1. The worst possible situation is k = l + 1. Let us consider y £ Bji, then 

d(y,x ik ) < d{y,xji) + d(xji,z ) + d(z,x ik ) < r 0 2~ l +r 0 2~ l + rff k = 5r ife . 

Thus, from the above computations, we can conclude that property 3 holds and 
Xji is in the same band A k or in a neighbour band A j. Hence, the sets {xji £ A j : 
B ik r\Bji ^ 0}, with \k — j\ < 1, have at most finite cardinal which does not depend 
on Bik ■ Then, there exists M, independent of tq and /?, such that 

oo oo 

- M - 

k— 0 i—1 

□ 


Let us state the following Lemma, which is often used in the paper without 
mentioning it. 

Lemma 2.4. Let {X,d) be a metric space and let A be a nonempty open proper 
subset of X. Let 0 < /? < 1 and a > 1. Given B o = B(zo,ro) such that aBo £ Tp 
and any x £ Bq we have that r$ < d(x , A c ) and B[x , (a — P)r 0 ) e Tp. 

Proof. Since aBo £ JFp, we have that 

r 0 < —d(z 0 , A c ) < — (d(x, z 0 ) + d(x , A c )) < —r 0 + —d(x, A c ), 
a a a a 

therefore (l — ^)r 0 < ^d(x,A c ), and finally 

(a - /3)r 0 < (3d(x, A c ). 


□ 


We also need the following version of the Fefferman-Stein inequality on spaces 
of homogeneous type: 

Lemma 2.5 (See [13] ). Let (X,d,p.) be a space of homogeneous type regular in 
measure, such that p(X) < oo. Let f be a positive function in L°° with bounded 
support andw £ A^. Then, for every p, 1 < p < oo, there exists a positive constant 
C = C^w/Iaoo) such that if || Mxf\\L p (w) < +oo, then 

\\M X f\\i P{w) <c\\Myr LP{w) , 

where 

M x f{x) = sup 1 / | f(y)\dn(y), 

xopof(x) n A IJ Jpnx 

M xf( x ) = SU P —rw? Tin/ \f(y)-fpnx\dfj,(y) + -^r[ f{y)dp(y), 

xOPOF(B) h\P n A ) Jpnx M A ) Jx 

with 

F(B) = {B(x B ,r B ) ■ x B £ X, r B > 0}. 
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3. Previous results for the proof of the Theorem 11.11 

In order to prove Theorem ll.il we will need the following results: 

Theorem 3.1 (See [Jj and [T3]). Under assumptions (1) and (2), for any p £ (l,oo) 
and w £ A p j oc (fl), there exist C and r o > 0 such that for any ball Bq = B(xo,ro) 
in Q with 10i?o £ Bp and any u £ Wq’ p (Bq) the following inequality holds 

\\ d2 u\\lI{b 0 ) < CWAuW^^y 

Proof. The proof follows the same lines of the proof of Lemma 4.1 in [1], which 
makes use of expansion into spherical harmonics on the unit sphere in R”. After 
that, all is reduced to obtain L p - boundedness ofon-Zygmund operator T and its 
conmutator on a ball B contained in Q (see Theorems 2.10, 2.11 and the representa¬ 
tion formula (3.1) in this paper). We can look at the operator T and its conmutator 
[T, b] acting on functions defined over the space of homogeneous type B equipped 
with the Euclidean metric and the restriction of Lebesgue measure. Also, it is easy 
to check that the weight w\b is in A P (B), provided w belongs to A Pi j 0 C (fi), since B 
has been chosen such that 10 B £ Bp. By the weighted theory of singular integrals 
and conmutators on spaces of homogeneous type (see for instance m ), applied to 
our operator the result follows. □ 

Theorem 3.2 (See [5], Proposition 4.1). Let 1 < p < oo and w £ A p g oc (UL). For 
any function u £ W s ^(0), and any j, 1 < j < k — 1, and 7 such that |y| = j, we 
have 

W^D^uW^ < C(e~i\\u\\ LPw{u) +e k -i\\6 k D k u\\ L * {u) ), 
for any 0 < e < 1 and C independent of u and e, with 8{x) = min{l, d(x , f2) c }. 
The main Theorem of this section is the following: 

Theorem 3.3. Let atj £ VMO, for i,j = l,...,n, V £ RH q with 1 < p < q, and 
w £ A^i , . Then there exist positive constants C and ro such that for any ball 

q — p 

Bq = B(zo,ro) in fI with IOBq £ Bp and any u £ C^°(Bq), we have that 

WVuWlUBo) - C\\Lu\\ l v,(b 0 )- 

Proof. For zq £ H pick a ball B 0 := B(zq, r'o) with ro to be chosen later. We follow 
the argument from J2j: let Xo £ Bq and fix the coefficients of A at xo, namely 
aij(x 0 ), to obtain the operator 

n 

L 0 U = - a%j{x 0 )u XiXj +Vu = A 0 u + Vu. 
i,j =1 

Rewrite the operator Lo in divergence form: 

L 0 u = -{ o«(*o)u* t +Vu. 

' i,j =1 ' x 3 

From proposition 4.9 of [ 6 ] we know that the operator Lq has a fundamental 
solution T(xo',x,y) which satisfies that for every positive integer k there exists a 
constant Cfc, independent of xo, such that 

1 1 


(3.1) 


T(x 0 -,x,y) < C k 


(1 + i£z 2 d) fc \x — y\ n ~ 2 
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where p{x) is the critical radius (recall section 12 .11) . 
Thus, for any u £ Cq°(Bq), x £ Bo, 


u(x)=J T(x 0 ;x,y)L 0 u(y)dy = 

= J T (x 0 -,x,y)Lu{y)dy + J T(x 0 ; x,y)[A 0 u(y) - Au(y)]dy. 


Now if we let Xq = x, we obtain 

(3.2) u(x) = JT(x-,x,y)Lu(y)dy + ^ JT(x;x,y)[a,ij(y) - aij(x)]u XiXj (y)dy. 

i,j —1 J 

Then the following pointwise bound holds for all k £ N, x £ Bo, 

(3.3) \V{x)u{x)\<C k V{x) *_ y| k [a . _ 1 y \ n - 2 (\Lu(y)\+ 

0 + p(x) ) 

n 

+ ^2 \ a iAv) - a iA x )\\ u *iXi(.y)\) d y- 
»>i=i 

Next let us rewrite m as 

n 

(3.4) \V{x)u{x)\ < C k S k (\Lu\)(x) + ^ S kiaij (\u XiXj \)(x), 

i,j =1 

where S k and S k , a are the integral operators defined as 

(3.5) S k f(x) =V(x) [ -;- —r- -~" 7 — ~f(y)dy, 

y y ' J (i + \jE^Mi) k \x-y\ n ~ 2 y J 

V p{x) ) 

and 

(3.6) S k<a f(x) =V{x) [ -- * k - - l ——^\a{y) - a(x)\f{y)dy, 

J (1 + Ifzd'i)' 1 ' \x-y\ n - 

with a £ L°° n VMO(R n ), k £ N. 

We will prove in Theorem 13.41 below that for all p £ (1, q] and k large enough, 
(3-7) ||S fc /|| L - (Bo ) < C\\f\\ LUBo) . 

Also, we will prove in Theorem 13.51 below that for each e > 0 there exists ro > 0 
depending on the VMO-modulus of the function a such that 

(3-8) \\Sk,af\\L p (Bo) — e ll/llLS,(Bo)- 

Then, by (|3.4L (13.71) . (13.81) and Theorem 13.II we have that for any u £ Cfi°(B 0 ) 
with 7*0 small enough, 

\\Vu\\lI,{b 0 ) < C'||LM|| i p ( Bo ) +e||us i x J ||LS,(B 0 ) ^ C||7'M|| i P( Bo ) + Ce\\Au\\ L P( Bo ) 

< (C + Ce)\\Lu\\ L p ( Bo ) + C'e||V'u|| i »(_ Bo ), 
and Theorem 13.31 follows. 

□ 
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3.1. Statement and proof of Theorems 13.41 and 13.51 Following the lines of 
[2], let us also consider the operators defined in 


S* k f{x) = J 
S* k , a f(x) = j 


V(y) 


{l+ \^\ X -y\ 

V{y) 1 


~^f(y)dy, x<=n. 


and 


(1 


p(v) 


,) fe \x - y\ 


~o\ «(y) - a{x)\f(y)dy, 


for each positive integer k and a £ VMO. These operators are the adjoint of the 
integral operator S k and S k , a , given in (13.51) and (13.61) respectively. 

Theorem 3.4. Let Bq be a ball in Bp such that 10f?o £ Bft ■ Then for k large enough 
and p £ [1,9], the operator S k is bounded on Lp,(Bq), with w £ Ag-i , (f 1). 

Proof. It is enough to prove that the adjoint operator S£ is bounded on L? ( B ro ), 
with v = u; -1//p-1 £ A p , /q , tioc (n) for p' £ [g',oo], since ^ and are conjugate 

exponents. As we pointed out in section ^. 1.41 we may replace p{y) by p(x) in the 
kernel of the operator S£ (and maybe changing the integer k). Assume, without 
loss of generality, that / > 0. Also assume that q > j , which can be done because 
of the fact that if V satisfies the RH q property, then V satisfies the RH q+e property 
for some e > 0. 

We will prove the pointwise bound 


S* k f(x) < C(Mp >loc (\f\«')(x))7 =: M, <iloc , 


for x £ B 0 , f £ L p (f?o) and / > 0. If p > q' the theorem then follows by 
the boundedness of the local-maximal function (Theorem 12.11) , and if p = q' the 
theorem follows from the fact that V satisfies the RH q+e property for some e > 0. 
We have that 


S k f(x)<C [ - ^ i-j— oXB 0 (y)f(y)dy- 

UV J\ x -y\ <pix) (i + ^) k \x-y\ n - 2XB ° yy,jyy> 


+ c 


V(y) 


< C 


\x-y\>p(x) (l + ) k \ x V I 

/ I V( ' V l_i XB 0 {y)f(y)dy- 

l\x-y\<p(x) \X-y\ n “ 

p{x) \ k V{y) 


n —XB 0 {y)f(y)dy 


+ C 


[ / p(x) \ 

J\x— y \>p(x) y\ \x-y\' 


z^XB 0 (y)f(y)dy = A(x) + B(x). 


Let x £ B o = B(zq, r 0 ). 

Let us first study A(x). Denote by Bj the balls Bj = B(x, p(x)) and by 
Cj the annuli defined as Cj = {y : 2 ~^ +r> p{x) < \x — y\ < 2 p(x)} = Bj\Bj + 1 , 
j £ N 0 . 
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If p(x) < ro then, by the Lemma [2~TI we have that p(x) < ro < 10 ^_ /3 d(x, I7 C ). 
Then B(x,p(x)) £ Tp and we proceed as in [2j. That is, 

°o 

Mx) -% wmw^ jc, vb,mdv - 

- c g™‘l f Bi W) * (i^i J Bi ftf*) > 

< CM q ,.Uf)(x ) | y-ip(x)) 2 J B V(y)dy^j , 

by Holder inequality, RH q condition and the definition of local Maximal function 
of exponent q'. 

A slight modification of the argument is needed in the case p{x) > r$: there 
exists jo £ No such that 2~^ 0+r> p{x) < r 0 < 2 ~i°p(x). Let y £ Cj, for j < j 0 — 2. 
Then, 

2 _ (' J+1 )p(x) <\x — y\< 2 p(x), 

and also 

2r 0 < 2 -i° +1 p(x) < 2 _ ^ +1 ) p(x), 

from where 

2 r 0 < 2 ~ < ' J+1) p(x) <\x-y\<\x- z 0 \ + \ z 0 - y\ < r 0 + \ z 0 - y\. 
Therefore \zo — y\ > ro, and thus B 0 fl Cj = 0 if j < jo — 2. Then, 

°° i r 

a (x)<c Y (0 -i , \\n — 2 / v (y)f(v) d v 

i= V_i (2 M*))" JBonCj 

< c Y ( 2 ~ J p( x )) 2 (tb-i [ v {y) qd y)~ q fr5T / f(y) q ' d v) > 

i= j 0 _l 7 b V 7 b •'«; / 

by Holder inequality and the fact that Cj C Hj. Since Bj = B(x, 2~i p{x)) C 
H(x, 4r 0 ) C -B(zo, 5r 0 ) and B(2:o, 10r o ) £ Tp, we have that Bj £ Jqg, j > j 0 — 1, in 
view of Lemma 12.41 

Then, applying the RH q condition on V, we obtain 

a(x) < cM q p\ oc (f)( X ) Y ^~ J p^ 2 (jh l V ^ d y\ 

j=j0-1 WBAJb, ) 

Finally, we follow the same steps as in |2] to conclude that 

A(x) < CM q pioc(f)(x ), 

namely, choose R = p{x) and r = 2~ip(x) in 12.51 and use 12.31 from section 12.1.31 
when needed. 

Next we study B(x). 

This time, if p(x) > 2r 0 we have that B(;r) = 0. 

The other case goes as follows: now consider the balls Bj = B{x, 2^ p{x)) and 
the annuli Cj = {y : 2 d ~ 1 p(x) < \x — y\ < 2 j p(x)} C Bj\Bj- 1 , for j £ No- There 
exists jo £ No such that 2^°~ 1 p(x) < ro < 2 :>0 p(x). Consider y £ Cj for j > jo + 2. 
Then, 

2 i~ 1 p(x) < \x — y\ < 2? p{x), 
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and since 2ro < 2 i° +1 p(x) < 2 J 1 p(x), we have that 

2 r 0 < \x - y\ < \x - z 0 \ + \z 0 - y\ < r 0 + |^o - y |- 


Therefore, \zo — y\ > tq and we conclude that Bq fl Cj = 0, for j > j 0 + 2. Then, 
B(x) < C ^ / V(y)f(y)dy 


fr'o {2 j p(x)) n 2 


jo + l 


' BoHCj 


^E 

j=0 


(2 J P(^)) : 

2jk 


i\kJj i,),dy y(w\L/ iy), ' dy y 


by Holder inequality and the fact that Cj C Bj. Then, for 0 < j < jo + 1, we have 
that B(x, 2^ p(x)) C B(x,4r 0 ) C B(z 0 ,5r 0 ). Again, since B(z 0 ,10r o ) € Jyj, we get 
Bj £ Jyj. Thus, from the RH q condition 


B(a:) < CMq,,Uf)(x) J J2 ^^ (f^T / *Wj/) ■ 

j_0 I fl XBj 

Now we continue the proof given in [2], that is, use again 12.51 and 12.31 to conclude 
that 


B(x) < CM q f^ oc {f)(x). 

□ 

Theorem 3.5. Let p £ (l,g] and w £ Aj-i , (fl). Then, given e > 0 there exist 

ro > 0, depending on the VMO— modulus of a, such that for any ball Bq = B(zq,vq) 
in Ll with 10-Bo £ Ff)> the inequality 

\\Sk,af\\L*,(B 0 ) - e ll/llL?,(-Bo) 
holds for all f £ (Bo) and k large enough. 

Now we can write 

S*k,af{ x ) = J I a(y) - a(x)\W(x,y)f(y)dy , 

where W(x, y) is the kernel given in Lemma l2. 21 which satisfies the Hi(cf) condition, 
and we deduce Theorem 13.51 from the following abstract result: 

Theorem 3.6. Let w £ A p / q ip oc ( A) with q' < p < oo and A = fl or LIt- Let Bq 
be a ball in A such that 10Bo £ Tp. Assume that W(x,y) is a non-negative kernel 
satisfying the H\(q) condition on the first variable, for some q > 1 such that the 
operator 

Tf{x) = J W{x,y)f{y)dy 

is bounded on L^Bq). Then for b £ BMO{M. n ) or BMO(M . n+1 ) the opera¬ 
tor “positive commutator” 

Tbf(x) = I \b(x) - b(y)\W(x,y)f{y)dy 

J B 0 

is bounded on L^,(Bq), and 

\\ T bf\\L p w (B 0 ) < C\\b\\BMo\\f\\L p w (B 0 )- 
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Proof. In view of Lemma 12.51 we will prove the following pointwise inequality: for 
s > q' there exists a constant C > 0 independent of b and / such that 

(3.9) Mg o (T b f)(x) < C\\b\\ BM o[M sAoc (Tf)(x) + M Sjloc (/)( x)], 

for all x £ Bo, where 




sup inf 


x£B,x b &B 0 c>0 I B fl B 0 \ 




Fixed x £ B 0 and choose B = B(x B ,r B ) with x £ B and Xb £ B 0 . Thus 
\B\ ~ \B fl Bq\. Let B = 2 B = B(x B ,2r B )- From Lemma 12.41 it follows that 
B £ Tp. Now for a positive function / let us split it into the sum / = /i + / 2 , 
where /i = fxg and f 2 = fx B c- 

Proceeding as in i2j, we obtain the expression 


I T b f(y) -C B | < | b{y) - b B \Tf(y) + T(\b-b B \h)(y) 

+ [ \W(y,z) - W(x B ,z)\\b(z) - b B \f 2 (z)dz 
J B 0 

— A(y) + B(y) + C(y) 


for any y £ B, where c B = T(\b - b B \f 2 )(x B ) = f Bo \K Z ) - b B \W{x B , z)f 2 {y)dz. 
Let us first bound A (y). Taking average over B fl B 0 , for s > q ', 

Av ( A ) = | p ^ o | / I Kv) - b B\Tf{y)dy 

\ B n b 0 \ Jbhbo 

< c (j^ J B \ b (y)- bB \ s ' dy ) S {^J B XB 0 \Tf(yny < 

< C\\b\\BMoMs,loc(XB 0 T 


Choose now 7 such that s > 7 > q'. The computations for the average of B 
from [ 2 ] also hold in our case: 

Au(B)< ( XBo T{\b- b B \h){x)dx<c(±- j T{\b- b B \hV{x)dx) ? < 
<c[^-jjb{x)-b B V\h{x)Vd X y, 

since T is bounded on L p (R")(see Theorem 3.1 in [15] and Theorem 5 in :2j). Then, 
by Holder’s inequality, 


Av( B) < C 


1 

\B\ 


\f{x)\ s dx 


1 

\B\ 


\b(x) - b B | 7 ^ 




< 


< C \\ b \\ BM oM sA oc ( f )( x ), 


1 



< 


because \b B — bg\ < CH&Hbmo and the John-Nirenberg inequality. 

Next we choose 7 such that ^ + | + = 1 , and we define the balls Bj = B(x b , 2 7 r) 
and the annuli Cj = {z : 2 J_1 r < \x B — z\ < 2 J r}. Like in the proof of theorem !3.41 
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there exists jo £ No such that Cj 0 fl So ^ 0 and Cj 0 +i fl So = 0, then by Lemma 
2.41 we have that Bj £ Tp for j < jo. Then, for any y £ B, we have that 


C(y)= [ \b(z)-b B \\W(y,z)-W(x B ,z)\f(z)dz 

JBCriBn 


Jo 


^E 


— 2 ^ C 3 H-Bo 


|b(z) - 6 B ||tT(y, 2 ;) - W^a-’s, 2 )|/(z)cfo < 


IS. 


^E 

4=2 


.7=2 


|6(z) - & B | 7 cfe 


41 JB< 


—J I \W(y,z) - W(x B ,z)\ q d) ( 7 ^- 7 / ) < 


41 Jc, 


\B 


41 4B, 


7—/ \b(z)-b B Vdz) +| b B -b 


IS. 


41 JBj 


7—/ |W(j/,z) - VL(a: B , 2 ;)| 9 d 2 ) M s p oc (f)(x) < 


\ B j\ JCj 

< C||&|| B MoM s , loc (/)(a;) ^(2 J r)Tj^y ^(y,z) - WXa; B ,z)| 9 dzj < 

< C||6|| B MoM S) ioc(/)(a;), 

because of the Hi(q) condition, the John-Nirenberg inequality and the fact that 
|& B — b Bj | < Cj||&|| B MO- Then putting together all the above estimates, we get 


1 


\f(y)-c\dy < C\\b\\ BM o{M s p oc {f)(x)+M s p oc (Tf)(x) s j. 


sup inf - , 

xeB c >° l-S fl -Bo | JBnB 0 

Xb€lB 0 

On the other hand, proceeding as above we also have 

TjT7 [ \ T bf{y)\dy < -d-T / (1%) - 6 b 0 |77(2/) + r(|6-& Bo |/)(y))dy 

|So| Jbo |So| J Bo 

< C\\b\\ BM o[Ms,ioc(XB 0 Tf)(x) + M s p oc (f)(x)') 

Thus we obtain [TH which together with Lemma [2751 and Theorem 12.II imply the 
Theorem. 

□ 


Proof of Theorem \3.5\ By duality, we prove the theorem for the adjoint operator 
S k,a with v = w ~ 1/p ~ 1 £ Ap'/q',\oc{ty for p' £ [<?',oo). 

Applying Theorem 13.61 to the operator a for k large enough we get that if 
q' < p' < 00, 

II^VI| L? '( Bo) < C\\a\\ BM o\\f\\ L ,' {Bo y 

and if p' = q' we use again that V £ RH q+e . 

Since a £ VMO(R n ), there exists a bounded uniformly continuous function f> in 
R" such that 
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\\a — 4>\\bmo < £■ Also, for zo £ fl and ro > 0 there exists a uniformly continuous 
function ip such that ip = <p in Bq = B(zq, ro) and 

IIVilsMO < 2r 0 ), 

where u t j > (2ro) denote the modulus of continuity of cp (see [4]). Choosing r 0 small 
enough, for all / £ LP(B 0 ), we have 

W^k,af IILg'(B 0 ) — W^k,a-<t>f\\ L P' (So) l p \b 0 ) 

= ll^a-,/ll iS ' (Bo) + ll^/||^ (Bo) 

< C||a - HbmoWIW l p'( B q) + c 'IIV’llsMoll/ll i P' (Bo) 

- ^ e ll/lli,p'(s 0 )’ 

thus, the Theorem follows. 

□ 


4. Previous results for the proof of the Theorem 11.21 


We now present the parabolic-interpolation Theorem, which makes use of the 
Theorem 12.11 


Theorem 4.1. Let 1 < p < oo and w £ A Pj ; oc (fly). For any function u £ 
, any j, 1 < j < k — 1 , and 7 such that |y| = j, we have that 

(4.1) \\S 3 D^u\\ l ^ t) < C(e-’\\u\\ LUnT) +e k -i\\5 k D k u\\ L r w{aT) ). 

for any 0 < e < 1 and C independent of u and e with 5(x', t) = min{l, d((x ', t), fly)}, 
where D 7 denotes the derivative with respect to the first variable. 


Proof. The proof follows the same lines of the proof of Theorem 13.21 of [ 8 j with 
appropriate changes. We include it for completeness. We consider the following 
Sobolev’s integral representation (see my 


\D' y v(x', s)| <c((J " 3 ( Kl/,S)| + f 

\ JB(x'a) JE 


\D k y(y'is)\ 

/ B(x',cr) \x'-y'\ n - k+j 


dy' 


for any cr > 0, (x',s) £ R" x (0,T) and v £ W^R^ 1 )). 

Let us choose a Whitney’ type covering W ro of fly with /3 = 1/2 and r 0 < 1/20. 
For P = B(xp,r P ) £ W ro , take a function y P such that supply) C 4P C fly, 
0 < r/p < 1, and rj P = 1 on 2 P. 

We apply now the above inequality to wq P which, by our assumptions, belongs 
to W^Z^R”). Observe that for (x',s) £ P and a < r p we have B((x',s),a) C 2 P 
and consequently wq p as well as its derivatives coincide with u and its derivatives 
when integrated over such balls. 

Therefore for ( x',s ) £ P and a < r P , we obtain the above inequality with v 
replaced by u, namely 


(4.2) |P 7 u(x',s)| = {D 1 {uy P ){x’, s)\ 


< Ca~ n ~ j 


I u(y',s)\dy' +C 


f I D k u(y',s)\ 

B( X ',a) W - y'\ n ~ k +j 


dy'. 


J B(x' ,a ) 

Moreover, as is easy to check from the properties of the covering W ro , the balls 
B(x, \[2o), for x £ P and \/2a < r P , belong to the family Fp for /3 = 1/2. In fact, 
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for x G P, since from properties 1 and 2 of Whitney’s Lemma we get 10P G Tp. 
applying the Lemma 12.41 we get 

B(x, V2a) C B{x , (10 — f3)V2cr) C B{x , (10 — /3)rp) G Tp. 

Let x = ( x',t ) G P Integrating in (14.21) over I a (t) = (t — cr 2 ,t + a 2 ) and noticing 
that B(x',i t) x I a {t) C B{x,y/2a) G Tp, we get 


-2 


h*{t) 


\D’ y u(x', s)| ds 


< Ca~ n ~ 2 - j 

B(x' ,cr) xl(j (t ) 

< C<j-iMpp oc u(x',t) + Ca 2 


// \u\(y\s)dy'd S +Ca 2 jj dy'ds 


B(x' ,<j)X I a (t) 

\D k u{y',s)\ 


B(rr',cr) x/cr ( t ) 


\x' - y'\ n ~ k +o 


-dy'ds 


for all x = (x r , t) G P and \J 7 io < rp. 

As for the second term, splitting the integral dyadically, we obtain that is 
bounded by 


<«> 


'/„■(*) J2- i B(x',a) 


\D k u(y\ s)\dy'ds. 


Since for x G P and \/2<7 < rp all averages involved correspond to balls in T\/<i 
and j < k, the term in (14.31) is bounded by a constant times a k ~^Mpp oc D k u{x) for 
all x G P. 

Putting together both estimates and taking \/2cr = erp, using that rp ~ (5(cc) 
for x G P and denoting 

Moc f( x ’’t)= SU P ^ [ |/(z / ,s)| ds, 

se/ cr (t) c Jiv(t) 
cr<rp 

we obtain 


(4.4) |D»0r',t)| < CM 2 oc (D' y u)(x r , t) 

< C((£6(x))~ J Mpp oc (u)(x) + (ed(x)) k ~ J Mpp oc (D k u(x)) 

for a.e. ( x',t ) G P. Since W ro is a covering of flp and the right hand side of (14.41) 
no longer depends of P, we obtain that dHD holds for a.e. x = G Up- 

Multiplying both sides by <P( x) and taking the norm in (flp), we arrive to 

Next, we observe that if the weight w belongs to A p j oc (flp) also does wS s , for any 
real number s. In fact, for any ball B in P1/2 we have that S(x) ~ S(xp), for any 
x G B so that US) holds provided it is satisfied by w. 

Therefore, an application of the continuity results for Mpp oc f , given in Theorem 
12.11 leads to the interpolation inequality (14.11) . 

□ 


Next we state the parabolic version of Theorem 13.11 
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Theorem 4.2 (See [3] and [13]). Under assumptions (1) and (2), for any p £ (l,oo) 
and w £ A p j oc (ULt), there exist C and ro > 0 such that for any ball Bq = B(zq, ro) 
in Qt with 10-Bq £ Tp and any u £ W 0 ’ p (Bo ) the following inequalities hold 


lluxixJi^Bo) < C\\Apu\\ L v w{Bo) , 
ll u t||L£,(B 0 ) ^ C\\ A P u \\l*,{B 0 )' 

Proof. The proof is similar to the elliptic case, as is proved in Corollary 2.13 in 
[3], by using again expansion into spherical harmonics on the unit sphere, this 
time in R ra+1 . After that, all is reduced to obtain L p - boundedness of a parabolic 
Calderon-Zygmund operator T and its conmutator on a ball B contained in Up (see 
Theorems 2.12 and the representation formula (1.4) in this paper). We can look at 
the operator T and its conmutator [T, b] acting on functions defined over the space 
of homogeneous type B equipped with the parabolic metric and the restriction of 
Lebesgue measure. As before, the weight wxb is in A V {B). By the weighted theory 
of singular integrals and conmutators on spaces of homogeneous type, (see again 
m, applied to our operators the result follows. □ 

Now we focus our attention in the proofs of the main Theorem of this section, 
that is, the parabolic version of Theorem 13.31 

Theorem 4.3. Let £ VMO( R ra+1 ), for i,j = V £ RH q { 1") with 

1 < p < q, and w £ A g -1 ; oc (^t)- Then there exist positive constants C and ro 

g — p ' 

such that for any ball Bq = B(zo , ro) in Ht with IOBq £ Fp and any u £ C£°(Bo), 
we have that 


\\Vu\\l p w {B 0 ) < C'||Lu|| i P(B 0 ). 

Proof. For z 0 = (z' 0 , r) £ f lp pick a ball B 0 := B{zq, r 0 ) with r 0 to be chosen later. 
Again we let xq £ Bq and fix the coefficients a,;j (xq) to obtain the operator 


n 

LqU = u t - ^2, a ij( x o)u Xi U Xj +Vu = A 0 u + Vu. 
i,j=l 


From m we know that the fundamental solution for this operator is bounded 
by the expression (see section I!?. 1.41) : 


|r(m 0 ,m, y)\ < C k 


(1 


d(x,y)\k d(x.v) 7 
P(x') > 


for every x = ( xt),y = (y\ s) £ fir, t > s, k > 0, and for some constants C k , Cq 
independent of xq - Here again p{x') is the critical radious. 

As usual, we defreeze the coefficients to obtain EO and again the following point- 
wise bound holds for all k £ N, x £ B 0 , 


(4.5) 


\V{x')u(x)\ < C k V{x') 


(1 + ® 1 )' d{x ' y)T 


\Lu(y)\ + 


+ \ a v(y) - a ij( x )\\ u xixj{y)\ jdy, 

i,j=1 ' 
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and rewrite (14.51) as 

n 

(4-6) \V(x')u(x)\ < C k S k {\Lu\)(x) + ^ S k ^ aij {\u XiXj \)(x), 

i,j =1 


where S k and S k , a are the integral operators defined as 


Skf(x) = V(x') I 


Sk,af(x ) 



(1 + <^l) k d{x,yY f ^ y)dy 
h + !^4) k d(x,yr^ y) ~ 

V p(x ') ) 


and 


a(x)\f(y)dy, 


with a £ L°° n VMO(M. n ), k£N. 

Thus, as in the elliptic case, the Theorem follows from Theorem l4.2l and the next 
parabolic version of Theorems 13.41 and 13.51 

□ 


Now we need to prove the following parabolic version of Theorem 13.41 


Theorem 4.4. Let Bq be a ball in JFp such that IOBq £ Tp. Then for k large enough 
and p £ [l,q], the operator S k is bounded on LP J (B ro ), with w £ ; oc (Ht)- 

Q — V 


Proof. This proof is also done by duality. The remarks we made along the proof of 
Theorem 13.41 also hold this time so we won’t mention them. 

The adjoint operator of S k is 


sim 


VW) i 

(1 + d ^) k d(x,y) n 


f(y)dy, 


x £ £It- 


Just like before we can split 


SI fix) < C f 
Jd 


d(x ,y)<p(x') 


d(x, y)’ 


C 


;V(y')XB 0 (y)f(y)dy 
p{x') \ k 1 


f f pjx ) \ 

Jd(x,y)>p(x') \d(x, y) ) 


)d{x,v)>p{x')^d{x,y)J d{x, y) r 

= A(a:) + B(i). 


+ 

V(y')xB 0 {y)f(y)dy 


We will prove the pointwise bound 

Sim < CM qljloc (f)(x). 

In order to study A(a;), let x £ B 0 = B(z 0 ,Po)- Denote by Bj the balls Bj = 
B(x, 2-ip{x')), by Cj the annuli defined as Cj = {y : 2 p{x') < d{x,y) < 
2 p(x)} = Bj\Bj + 1 , and by Rj the rectangles Rj = x Ij where denotes the 
ball in R™, = B{x', 2 -J p{x')) and Ij denotes the real ball Ij = B(t, (2 p{x') 2 ), 

j £ No- We have that Cj C Bj C Rj, and let us remark that the ball measures are 
| Bj\ = c n i2~ip{x)) n+2 and \Bt\ = C' r^ (2 _ ■ , p{x')) n . The same steps as before prove 
that 


A{x) < CM q ’j oc {f){x), 
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for x £ B 0 , f £ LP(-Bo) and / > 0, where M q ^\ oc denotes the local maximal 
function of exponent q ', in the parabolic setting. Indeed, if p{x') < ro we have that 


a w< c Et^ 


\Bj 


3 =o 


{2~ip{x')y VI B' 


V(y') q dy' 


<CM q ,, loc (f)(x)J2(2- J p(x')Y 

3=0 


1 

m 


\Bj\ iBi 


V(y')dy'), 


f(y) q dy 


because of the Holder inequality, the reverse Holder condition V and the definition 
of local maximal function. And in the case p{x') > ro, again there exists jo £ No 
such that Cj fl Bq = 0 for j < j 0 + 2. The same steps as before show us that 


A (x)<CM q ,, loc (f)(x) J2 (2-Jp(x')) 2 (-±- f Viy'w). 

3=30-1 Jb’j ) 

Now we use again equations m and m to conclude that A(x) < CM q / ,ioc(/)(a;)- 
To study B(x’), we consider the balls Bj = B(x,2 j p(x')), the annuli Cj = {y : 
2 ^p(x') < d(x,y) < 2 j+1 p(x')}, and the rectangles Rj = B'- x Ij = B(x\ 2^p{x')) x 
B(t, (2 J p(x')) 2 ) c 1" x R, for j £ No- We have that Cj C Bj c Rj. Observe that 
if p{x') > 2 r 0 , then B(*) = 0, thus we consider only the case p(x') < 2 r 0 . There 
exists jo £ No such that Cj fl B 0 = 0 if j > jo + 2. Thus we have that 


B(*) < CM q ,, loc (f)(x) J p^ (2 'g ))2 ^ V(y')dy 

because of the use of Holder inequality, the reverse Holder conditionon V and the 
definition of local maximal function of the order q'. Thus, using again equations 

H5]and[l3lB (x)<CM q ,, loc (f)(x). 

□ 


Remark 4.5. We note that arguing in a similar way as in the proof of Theorem 
\4-4\ it can he show that the operator Sk is bounded on L p ( Kj ra+1 )) with w = 1 and 
p £ [l,g]. In this case the operator is pointwisely bounded by the maximal Hardy- 
Littlewood function of order q'. 

We turn now to the proof of parabolic Theorem 13.51 


Theorem 4.6. Let p £ (l,g] and w £ i .{{It). Then, given e > 0 there exist 
ro > 0, depending on the VMO—modulus of a such that for any ball Bo = B{zo,ro) 
in Ot with lOBo £ Rp > the inequality 

(4-7) ||‘S'fc,a/||L5,(B 0 ) < e ll/lli?,(Ro)- 

holds for all f £ L P U {B 0 ) and k large enough. 


Proof. This proof is also done by duality as in the proof of Theorem [375} and follows 
by Theorem 13.61 with A = Ht and b £ BMO(t" +1 ). 

Here, 



a(x)\f(y)dy , 
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for each positive integer k and a £ VMO ; and the kernel is 

+ *(*,y)\ k d{x, y ) n ' 

\ p(x') ) 

which satisfies the Hi(q) condition as shown in section [2721 ('Lemm d2.2|) 

□ 


5. Proof of the Main Result 
We are in position to proof Theorem 11.11 

Proof of Theorem U.U Let W ro = {Bi = B(xi,ri)} be a covering as in Lemma HOI 
with ro as in Theorems 13.11 and 13731 and 0 < r 0 < /3/10. For each B, £ W ro we 
consider a function rji such that the family satisfies 

(1) rji £ C™(2B(xi,ri)), rji = 1 in Bi, 

(2) ||r?i||oo < 1, Halloo < Cr~ |q| where n « d(xi,dPi) if B(xi,n) £ Q ro and 
Vi « 1 when B{xi,n) £ G ro , 

(3) 

By using Theorem 13.11 for each i, we get 
\\XB,D 2 {urji)\\ P LPw(2Bi) 

< C\\A(uru) |liP (2B .) 

< C(\\Au\\ p L p ^ 2Bi) + r t 1 \\Du\\ p L pp Bi s ) + 7v 2 |I m IIlp ( Bi )) P 

< C(||Au|| Lj,(2Bi) + U 1 ||-D' u llLS,(2B i ) + r i 2 \\ u \\Lv(2B i )Y 

< C'(||Z/7t|| i P( 2 B i ) + \\Vu\\ L V w( . 2Bi ) + r i l \\Du\\ L P w ( 2 Bi) + 7 \ 2 \\u\\ L P w ( 2 Bi)) V ■ 
Analogously, using this time Theorem 13.31 since w € A Pi i oc (Sl) C Ati Jfi) 

we obtain 

WXBiV{uqi)\\ P Lli(2Bi) < C\\L(uTn)\\ p L pp Bi) 

< C\\Lu\\l UBi) +r- 1 ||D U ||^ (Bi ) +r- 2 ||n||^ (Bi) . 

Now, we note that for x £ Bi the function rjiU coincides with u, and also for 
x £ 2 Bi, we have S(xi) ~ ri with 5(xi) = min{l, d(xi, 9f2)}. Hence, putting 
together both estimates, multiplying both sides by S 2 , adding over i, using de finite 
overlapping property of the covering {2 Bi} and taking the 1/p-th power, we arrive 
to 


+ \\5 2 V u \\l p w (q.) < C'(||5 2 I/u|| i p (n) + ||<5-Ch7|| L p (Q) + ||u||iP(n)). 

Using the interpolation Theorem 13.21 

< C(\\5 2 Lu\\ l p i (Q) + e\\5 2 D 2 u\\ L P D + (C + e 1 )||u|| i p(n). 

Finally, choosing e such that Ce = 1/2 and subtracting the term \\S 2 D 2 u\\ l p o ^), 
it follows 

ll u llw 5 2 ’P(n) ^ c {\\ Lu \\ L p {u) + II^Urp (n)}, 

whence the desired estimate follows. 


□ 
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The proof of Theorem II.21 is obtained by a few changes: 

Proof of Theorem \1.2\ Just like in the previous proof, from Lemma 12.31 applying 
this time to T = f It, we consider a covering W ro and a family {?^} which satisfies 
1 and 3, and the following 2: H^Hoo < 1, 

Halloo < CrfM, 

\\DtVi\\oo < Cr~ 2 , 

where Vi ~ d(xi,dGl) if B(xi,ri) £ Gr 0 and 7y ss 1 when B(xi,ri) £ Q ro . 

Now for each i we use theorems 14.21 and 14.31 to get 

\\XB i Dl{ur) i )\\ L P i( 2B i ) < C(\\Lu\\ l p (2 Bi) + \\V u \\LZ,(2Bi) + 

+ r i 1 \\Du\\ L P(2B i ) +Ti 2 ||m||lp {2Bi))i 

\\XBiDt(uT]i)\\ P L p < C(\\Lu\\ L P ) (2B i ) + \\V u \\L p (2Bi) + 

+ r i 1 \\D u \\ L p ,(2B i ) +r t 2 ||w||iP(2Bi))> 

|| XB i Vur]i\\ p Lli{2Bi) < C(\\Lu\\ L v w{2Bi ) + r~ 1 ||D a ,u|| L P (2Bi) + f~ 2 ||u|| l :p ( 2 Bl) ), 
then, by performing analogous operations to the previous Theorem, we obtain 
ll M llw i 5 2 ’P(n T ) + H^ 2 ^ u llA£,(fi T ) - C(\\5 2 Lu\ |iP(n T ) + \\5D x u\\ l p w ^ n T ) + IMIi£,(n T ))- 
From the interpolation Theorem l4.ll we have that 

¥ d xu\\ l p w ^ t) < C'(e“ 1 ||u|| jL £, ( n r) +e||^ 2 D^|| L p (nT )), 

which finally leads us to 

IMIiv^n-r) + ll^^lliShfiT) — C(\\5 2 L u \\ l p(q t ) + ||w|| l p (q t )) 
as we desired. □ 
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